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We study the relationship between the quantization of a massless scalar field on the two- 
dimensional Einstein cylinder and in a spacetime with a time machine. We find that the latter 
picks out a unique prescription for the state of the zero mode in the Einstein cylinder. We show 
how this choice arises from the computation of the vacuum Wightman function and the vacuum 
renormalized stress-energy tensor in the time-machine geometry. Finally, we relate the previously 
proposed regularization of the zero mode state as a squeezed state with the time-machine warp 
parameter, thus demonstrating that the quantization in the latter regularizes the quantization in 


an Einstein cylinder. 


I. MOTIVATION 


The idea of time travel has captivated imaginations 
and inspired science fiction for several centuries now: 
From the first fiction work portraying a time machine [I] 
to the myriad of contemporary art inspired in worm- 
holes [2] and time machines [BH5], the idea of time travel 
has fascinated many generations of both scientists and 
non-scientists. From a rigorous science point of view, it 
is well-known that general relativity allows for solutions 
that have nontrivial topological or causal structures, such 
as Gédel’s rotating universe [6] or wormhole spacetimes 
[7]. If a traversable wormhole exists, there are several 
ways it can be transformed in a time machine [8], i.e. 
a spacetime with closed timelike curves in part of or in 
the whole spacetime. In fact, it was shown that in the 
presence of surrounding matter, a wormhole inevitably 
transforms into a time machine [9]. This relation be- 
tween a wormhole and a time machine was shown to be 
general and not specific to a particular solution of the 
field equations [IO]. It is also noteworthy that there have 
been theoretical proposals of self-consistent classical sys- 
tems that may allow us study properties of spacetimes 
containing time machines [IIHI5], and also proposals for 
experimentally feasible analogue tabletop settings resem- 
bling the properties of time-machine spacetimes [I6H18]. 

Due to the presence of closed timelike curves, these 
spacetimes generally exhibit Cauchy horizons. The sta- 
bility of a viable time machine is closely related to the 
stability of the Cauchy horizons, which have been largely 
studied in the literature in the context of quantum field 
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theory (QFT) in curved spacetimes. More concretely, the 
stability is investigated by analyzing divergences of the 
renormalized stress-energy tensor at the Cauchy horizon 
due to vacuum fluctuations [10] [9H2I]. One of the main 
difficulties in such analyses in the semiclassical regime 
concerns how one could define quantum field theory in 
these background geometries, as they typically possess 
nontrivial topology and are not globally hyperbolic. In 
previous studies the focus was on studying vacuum polar- 
ization effects that, due to the presence of wormholes and 
time machines, result in divergences of the renormalized 
stress-energy tensor (RSET), preventing then the “en- 
trance” into the time machine. 


Quantum field theory in spacetimes with a worm- 
hole and time machine was studied in e.g. [9] T0]. 
The time-machine geometry is necessarily multiply con- 
nected, making the quantization procedure highly non- 
trivial. The general construction of quantum field theory 
on multiply-connected manifolds has been extensively 
studied using the framework of automorphic fields [22}+ 
[25]. The idea is to study the same quantum field on 
the corresponding universal covering space, which has 
trivial topology, with certain automorphic conditions ap- 
plied to the field. A well-known example is furnished 
by a scalar field on the Einstein cylinder, with topol- 
ogy R x S1, which in this construction is equivalent to 
the same scalar field in Minkowski space (the universal 
covering of the cylinder) with (anti-)periodic boundary 
conditions applied along the spatial direction. 


It is known that quantization of a massless scalar field 
on a topologically closed spacetime and under certain 
boundary conditions can give rise to zero modes. A zero 
mode naturally arises when a massless scalar field is sub- 
ject to periodic or Neumann boundary conditions, or 
when the background spacetime has toroidal topology 
in all spatial directions [26}30]. Zero modes are prob- 
lematic because they do not admit a Fock representa- 


tion, thus the physical ground state of the zero mode, 
and hence the full theory, is a priori ambiguous [26] [27]. 
For this reason zero modes are sometimes removed by 
hand [31}35], but such procedure leads to unacceptable 
causality violations and other issues [27] [28]. Some rea- 
sonable regularization of the unphysical ground state of 
the zero mode, using squeezed vacuum of a quantum har- 
monic oscillator, has been proposed in [26H28] and how 
the choice of regularization impacts the dynamics was 
studied. However, from a fundamental perspective these 
regularizations are essentially ad hoc in nature. 

The attempt to regularize the zero mode naturally 
raises the question whether there exists a family of QFTs 
on curved spacetimes that can serve as the regulator. 
That is, we want to find a family of QFTs that do not 
suffer from the zero-mode problem and at the same time 
smoothly connect to the Einstein cylinder (e.g. as a one- 
parameter family). This task is nontrivial for two rea- 
sons. First, twisted massless scalar fields on Einstein 
cylinder, equivalent to scalar fields with anti-periodic 
boundary condition (t,x + L) = —¢(t, x), has no zero 
mode. Second, it is not obvious whether untwisted scalar 
fields on other spacetimes such as Misner spacetime [86], 
despite having the same global topology R x St as Ein- 
stein cylinder, exhibits zero mode (see, e.g., [37] and more 
recently [88]). It turns out that the time-machine ge- 
ometry studied in [9] [10] provides such a one-parameter 
family of scalar field theories. The field theory on the 
Einstein cylinder is recovered in the limit of zero local 
curvature. 


In this paper, we study the quantization of a massless 
scalar field in a spacetime with a time machine and ana- 
lyze how a zero mode appears in the limit in which we re- 
move the time machine. We focus on (1+1)-dimensional 
settings where powerful conformal techniques can be em- 
ployed to obtain explicit expressions for the vacuum 
Wightman functions of the field. In this particular model, 
the time-machine spacetime can be understood as an 
AdSə spacetime with suitable boundary conditions ap- 
plied to the field. We obtain two main results pertaining 
the zero mode. First, we show that while the background 
Einstein cylinder is obtained as the limit when the time 
machine disappears, the underlying quantum field the- 
ory does not smoothly approach the Einstein cylinder 
case because the Hadamard function (vacuum expecta- 
tion of the field’s anti-commutator) associated with the 
zero mode diverges in this limit. The Pauli-Jordan func- 
tion (vacuum expectation of the field commutator), how- 
ever, does possess a well-defined Einstein cylinder limit 
which includes the zero mode contribution as required by 
relativistic causality [27]. Second, we show that the regu- 
larization of the zero-mode state first proposed in [26] in 
terms of the squeezed vacuum of the quantum harmonic 
oscillator can be understood in terms of the warp param- 
eter of the time machine. In this sense, the quantization 
on time-machine background prescribes a regularization 
for the zero-mode state in the Einstein cylinder quanti- 
zation. 


The paper is organized as follows. In Section [II] we de- 
scribe a model of spacetime in (1+1) dimensions with a 
time machine, previously studied in [9] M0]. In Section [IT] 
we consider quantum field theories in the Einstein cylin- 
der (without a time machine) and in the time-machine 
model. We first review the quantization of a massless 
scalar field in a (1+1) Einstein cylinder spacetime and 
then develop the quantization in the corresponding time- 
machine model. In Section we construct the vacuum 
Wightman two-point functions of the massless scalar field 
on these background spacetimes, carefully analyzing the 
role of the zero mode in appropriate limits. Finally, in 
Section we compute the renormalized stress-energy 
tensor and track the zero-mode contribution as we take 
the Einstein cylinder limit. 

We adopt the convention that c = h = 1 and we denote 
by x a spacetime point without specifying the coordinate 
system. The metric signature is chosen so that for a 
timelike vector v” we have v“v, < 0. 


II. GEOMETRY OF WORMHOLES AND TIME 
MACHINES 


In this section, we review the construction of a (1 + 1) 
wormhole and its conversion into a time machine. In 
two-dimensional spacetimes, conformal techniques can be 
used to find closed-form expressions for various observ- 
ables of interest and provide clarity to the physics at 
hand. Our goal is to provide enough geometrical and 
topological background to later study quantum field the- 
ory on a spacetime with time machines and the properties 
of the vacuum state of the field. 

The outline of the construction goes as follows. We will 
construct a (1+1)-dimensional asymptotically flat space- 
time with a wormhole, that can then be used to produce 
a time machine. In two dimensions, this construction is 
straightforward: It amounts to topologically identifying 
the opposite ends of a strip that would correspond to 
the wormhole mouths joined by a throat. This is equiv- 
alent to an Einstein cylinder from Minkowski space (see, 
e.g., [26128]). If the endpoints that are identified are at 
different times, the construction would produce a time 
machine and the resulting spacetime is not isometric to 
the Einstein cylinder. 

Note that in higher dimensions, this procedure is de- 
veloped in an analogous way by starting from a (d + 
1)-dimensional Minkowski spacetime and choosing two 
worldlines along which the mouths of the wormhole move. 
For every point on the worldlines, we can define a unique 
d-dimensional spacelike hypersurface orthogonal to the 
wordlines. We then proceed to cut two balls (with the 
same radius) in the hypersurface centered at each world- 
line and topologically identify the two regions where the 
two balls are carved out. This would correspond to in- 
troducing two wormhole mouths connecting two (possi- 
bly distant) spacetime regions, producing an orientable 
wormhole with (infinitesimally) short throat [8]. We re- 


mark that a wormhole can also be turned into a time 
machine by introducing relative motion between the two 
mouths [7]. The generalization to include N wormholes 
follows by introducing N pairs of wormhole mouths in 
a similar fashion [I0]. In all these constructions, let us 
note that due to the topological identification, a space- 
time with a wormhole or a time machine must be mul- 
tiply connected, in contrast with the simply connected 
Minkowski space. The multiply connectedness of the un- 
derlying spacetime is captured by topological invariants 
such as homology classes and fundamental groups. 


Before constructing the time-machine geometry (which 
will be multiply connected), let us first consider the 
most general, globally static, simply connected (1 + 1)- 
dimensional auxiliary spacetime (M, g), where the line el- 
ement associated with the metric tensor g = g,,dr"@dax” 
in adapted coordinates reads 


ds? = —a(x)*di? + dz’, (1) 


with t,x € R. Here x represents the proper spatial dis- 
tance and the scalar curvature is R = —2a”/a. From 
now on we will consider cases with R ¥ 0 since the exis- 
tence of time machines requires nonzero curvature. Since 
a(x) is a nowhere-vanishing function, without loss of gen- 
erality we take a(x) > 0 and hence it will be convenient 
to write it in the following form 


a(x) =e Jy vow) f (2) 


for some function a(x). On M, € = 0; is the unique (up to 
normalization) global timelike hypersurface-orthogonal 
Killing vector field, i.e. it obeys the two conditions 


E(usv) =0, Ef Sa] =0. (3) 


The first condition states that € = 0; is a Killing vector 
and the second states that it is orthogonal to the hyper- 
surfaces of constant t. The hypersurface-orthogonality 
condition guarantees that M admits a foliation M = 
R x 4, where X is a Cauchy surface for M orthogonal 
to é”. Note that hypersurface orthogonality is trivially 
satisfied for any vector field in (1 + 1) dimensions since 
E[u;v$a] İs a three-form in a two-dimensional manifold. 


It will also be convenient to introduce a velocity vec- 
tor field associated with Killing observers whose four- 
velocity u” is proportional to the timelike Killing field 
¿F ie. 

vi SE _, (4) 

dr =E 

which in coordinates (t, x) reads u” = (a71, 0). The ve- 
locity field u” generates a flow such that at every point 
there is exactly one integral curve whose tangent vec- 
tor is u”, which we will call Killing trajectories. It is 
straightforward to check by direct calculation that veloc- 
ity vector u” and the corresponding acceleration vector 


a! := du” /dr obey the following relations 


apy = Uuw, Qs) = 0, (5) 
together with the fact that a, for Killing observers is a 
simple gradient, i.e. 


ay = 5V los(—€"E) (6) 


which for metric (1) has coordinate representation 
a, = (0,—a(x)). Hence a(x) that appears in the expo- 
nent of Eq. takes the role of acceleration parame- 
ter of the Killing observer. In fact, it can be seen that 
the conditions (3), which ensure that a vector field is a 
hypersurface-orthogonal Killing vector, are equivalent to 
the conditions on the corresponding velocity field and 
acceleration of the Killing observers (see Appendix [A}. 

In order to construct a time-machine model, we con- 
sider a new spacetime M by identifying points in M in the 
following way. Given two positive constants A > 1 and 
Q, we establish the equivalence relation (t,x) ~ (t’, 2’) 
if and only if t’/t = A and x’ — x = Qin M. Then the 
metric at these two points must also be identified, which 
implies 


Aa(x +Q) = a(x). (7) 


In other words, the function a(x) = —a’(x)/a(x) must 
be a periodic function with period Q, whose integral over 
a single period is equal to log A. Hence Q represents 
the proper separation between wormhole mouths and the 
warp parameter A represents the time shift that deter- 
mines the “strength” of the time machine. When A > 1 
the spacetime will contain closed timelike curves (CTCs), 
as we will see shortly. This model corresponds to a time 
machine that possesses both a future and a past Cauchy 
horizon, where the CTCs are confined to the regions be- 
yond the horizong!| (more on this later; see also [39]). 
When taking A — 1 there is no time shift and one recov- 
ers a wormhole model: in (1+1)-dimensional case this is 
precisely the Einstein cylinder. Let us remark that this 
construction is essentially different from the somewhat 
more conventional time machine where the identification 
is of the form (t,x) ~ (t + B,x + Q) for some constant 
B (that needs to be greater than the distance between 
wormhole mouths and contains no Cauchy horizon), see 
e.g. [B] for such an example. 

This new spacetime M = R x St is locally equiva- 
lent to M but is qualitatively different as far as global 
features are concerned. Indeed, this spacetime is mul- 
tiply connected and the simply-connected spacetime M 
is its universal cover. Although M has a local Killing 
vector € (the same as M) for each simply connected re- 


1 When considering the creation of the time machine at t = 0 
in previous literature, there exist only a future Cauchy horizon 
beyond with CTCs appear. 


gion U C M, this local Killing vector cannot be extended 
globally throughout M. In order to see this lack of glob- 
ality, it suffices to consider the norm e? = ,/—€€,, of 
the Killing vector €. Let us consider the point of coor- 
dinates (t,x) that can also be equally described by co- 
ordinates (t’,2’) such that t = At and z’ = x+ Q. In 
both sets of coordinates, the metric has the same form 
given above. If € were globally defined then both val- 
ues at y(t, x) and y(t’, 2’) should coincide because y is 
a scalar field. However e?") = a(x) and e?("*") 
a(x’) = a(x) /A = e?(+*)/A, hence the norm agrees only 
when A = 1. Alternatively, we can also note that the 
local Killing field € is defined such that its components 
in both coordinate charts (t,x) and (t’,x’) are given by 
E} = €’# = (1,0). However, the tensor transformation 
law requires Ẹ'” = (x'"' /Ox”)€” = A(1,0) = AE", thus 
the components can only agree consistently throughout 
M when A = 1. In other words, M is locally—but not 
globally—static. 

In contrast, the vector fields u” and a“ associated with 
Killing observers defined in Eq. and (6) can be ex- 
tended globally throughout M. The vector u” has com- 
ponents u” = (a(x)~1,0) in any coordinates adapted to 
the local staticity. In coordinates (t’, x’), the vector u has 
components u” = (a(2’)~',0) = A(a(x)~1,0) = Au” 
and this is precisely the appropriate transformation law 
for a globally defined vector field under these changes of 
coordinates. The same applies straightforwardly to the 
acceleration a,,. Furthermore, as we have already seen, 
they globally satisfy the conditions (4). 

Note that the acceleration a,, is a closed form [see Eq. 
(5)] but is no longer an exact form, i.e. the second Killing 
observer condition in Eq. implies that it is locally a 
gradient, but not globally. Indeed, the circulation of this 
vector in a closed path C is not zero in general. In fact, 
since a, = (0, —a(x)) such that x € (0,Q), we find 


I[C;a] = f, adz” = Fn f i a(x)dx = +nI[a], (8) 


where n € Z (winding number) is the number of times 
that C wraps around the wormhole and the sign depends 
on the orientation of the path. JI[a] is defined as the 
circulation with winding number 1 and we pick an ori- 
entation providing a negative sign for concreteness. In 
this (1 +1) time machine considered here, it follows that 
Ija] = — log A. Non-zero I[a] implies that the gravita- 
tional field in a time machine is nonpotential. Physi- 
cally, it means that a particle going through a wormhole 
converted into a time machine can extract nonzero work 
since the gravitational field is not conservative. More pre- 
cisely, this is because a, is locally exact, i.e. a, = On 
with p = 4 log(—€’é,); however, p cannot be extended 
to a global potential (hence a nonpotential). Indeed, y 
has a branch cut in which it is discontinuous. This circu- 
lation is characterized by the topology of the spacetime 
and characterizes the strength of the time machine. 

In order to see explicitly how the circulation charac- 


terizes the strength of the time machine, let us first note 
that the relation between the Killing time t (such that 
€ = O,) and the proper time 7 (such that u = 0,) is 
given by dr = e-¥4")dt = a(x)—!dt. Let us consider 
two points pı and pz that lie in the same t = to = 
constant surface. Let xı and 22 be their spatial coor- 
dinates. Consider two more points qı and q2 with the 
same spatial coordinates as their cousins xı and x2, both 
of them located in the t = to + ôt = constant surface. 
The nearby points pı and qı are separated by a proper 
time 67, = a(a,)~'dt and likewise for the close points 
p2 and qo, i.e. ÔT2 = a(x2)~'dt. Therefore the ratio be- 
tween them is just 672/67, = a(a1)/a(x2). If the points 
P2, q2 are obtained by translating pı and qı around the 
wormhole n times, ie. £2 = zı + nQ, then this ratio 
becomes 672/57, = a(a1)/a(a1 +nQ) = eM la = A”, 

We can construct a particularly simple representa- 
tive example of the time-machine geometry with warp 
parameter A by setting the acceleration parameter 
a(x) to be a real constant, which we define to be 
a(x) = W := (log A)/L. We will call this representative 
model the canonical time machine. Without loss of gen- 
erality we consider W > 0 so that L > 0. The canonical 
time-machine geometry captures all the essential topo- 
logical information of the more general time-machine ge- 
ometry. The only difference between the general time 
machine described by an arbitrary a(x) of warp param- 
eter A and proper wormhole length Q and the canonical 
one is encoded in a smooth conformal factor, which of 
course has no relevance in the causal structure or the 
topology of the time-machine spacetime. 

More explicitly, any metric of the form (1) is conformal 
to that with constant a equal to W = (log A)/L: 


ds? = Ogre a + dy’), (9) 
with 
QA(y) = eW%alx(y)], (10) 


where z(y) is the solution to the separable differential 
equation 


dz 


T = eW¥a(z), (11) 


with the arbitrary convenient condition that the origin 
of x and y coordinates coincide. 

To obtain the value of L in terms of the warp param- 
eter A and the proper length Q of the wormhole, we 
simply have to integrate the previous equation and im- 
pose the condition that L = y (x = Q), ie. that L is 
the length of the corresponding canonical time machine. 
This straightforwardly gives the relation 


log A f? dz 
L = ——>— ——. 12 
A—1 l a(x) a 


From now on we will concentrate on the canonical time 


machine with parameters A and L for which the metric 
in coordinates (t, y) in the universal covering space M is 
given by 


ds? = —e 2 Wye? + dy?, - : (13) 


This geometry has constant negative curvature with Ricci 
scalar R = —2W?, hence it is locally isometric to a two- 
dimensional Anti-de Sitter spacetime AdSg. 

The canonical time-machine spacetime indeed contains 
CTCs as we see now and therefore so does any other 
conformally related to it. Indeed, consider the closed 
curve 


1 t 
= yo + — log—, 14 
y= wot vlogs (14) 
where (to, yo) is identified with (Ato, yo + L). Its tangent 
vector is given by v” = (1,W7't~!). This curve is a CTC 
if v” is timelike, i.e. if 


1 
vu, <0 4> t> we (15) 


Let us now make more explicit the connection with the 
Einstein cylinder. When A — 1 which implies W > 0 
(provided that L is kept unchanged), the background ge- 
ometry of the time-machine model approaches the Ein- 
stein cylinder since we have e~?“Y¥ — 1 and the metric 
becomes flat. Conversely, this implies that if W > 0, 
the metric is not flat, i.e. a spacetime with a time ma- 
chine is necessarily curved. This Einstein cylinder limit 
is precisely what we need in order to investigate the zero- 
mode problem in quantum field theory in the context of 
time-machine model. 

In order to develop a quantum field theory in next 
section, it is essential that M can be viewed as the 
universal covering space for M. In fact, this univer- 
sal covering technique is a useful tool to work with 
multiply-connected spacetimes since in the universal cov- 
ering space the functions are simpler to evaluate and it 
is possible to define global Killing fields (if the time ma- 
chine is locally static). Note that in our simple case, in 
order to transform results obtained in the covering space 
to the time-machine spacetime, we will only need to con- 
sider the role of the factor A in such transformation. 

For a slightly more formal review of the general ma- 
chinery underlying this construction see Appendix |B] 


II. QUANTUM FIELD THEORY 


In this section, we will describe scalar QFT on a two- 
dimensional spacetime with a time machine M. We will 
first review the simplest QFT living on spacetime with 
topology R x St where the metric is flat, commonly 
known as the Einstein cylinder. We will then study QFT 
on the topological cylinder describing a spacetime with 
a time machine that we have constructed in the previous 


section. In our discussions we will track the contribution 
that leads to the zero mode of the scalar field in the Ein- 
stein cylinder case. We will work with massless scalar 
fields since massive fields do not exhibit zero modes. 
Following Section [T] we will use the “bar” notation for 
the quantities associated with the field in the multiply- 
connected spacetime M (Einstein cylinder and the time 
machine) while the field quantities without the “bar” are 
associated to their simply connected universal cover M. 


A. (1+1) Einstein cylinder 


Let us start with a brief recollection of the quantiza- 
tion of a massless scalar field ¢ in a (1+1)-dimensional 
Einstein cylinder, with geometry locally defined by the 
line element 


ds? = —dt? + dy’. (16) 


The Einstein cylinder is obtained by a topological iden- 
tification given by (t,y) ~ (t,y + L), where L is the cir- 
cumference of the cylinder and t € R. A massless scalar 
field ¢ on the Einstein cylinder obeys the Klein-Gordon 
equation with periodic boundary condition 


D(t,y) = o(t,yt L). (17) 


The resulting massless quantum scalar field has Fourier 
mode decomposition given by [26] 27] 


(t ) i $osclt, y), (18) 
Saag (meow +h.) , (19) 


ð$ =0, 


oe Y) = Qen 
Posel 2y 
n#0 


Ten 
where kn = 27n/L and n € Z \ {0}. We call ose the 
oscillator modes and the spatially constant piece Q,,,,,(t) 
the zero mode because it a to a zero-frequency 
oscillator. The ladder operators ā@„,āl, satisfy the canoni- 
cal commutation relation [@,,,,a!,] = hn for all n,m Æ 0. 

It is well known that the ground state in this theory is 
nontrivial because of the zero mode [26] [27]. We can de- 
fine the Fock vacuum |0osc) for Qose as the state satisfying 
Gn |Oosc) = 0 for all n 4 0. However, the zero mode has 
no Fock representation since it is dynamically equivalent 
to a quantum-mechanical free particle of mass L. This 
can be seen from the observation that the Hamiltonian 
is given by 


Fem = mm (20) 
zm — aL $ 


As such, the zero mode is naturally associated with po- 
sition and momentum operators Qiao P zm respectively 
(the subscript “S” denotes the Schrödinger picture). 
These operators satisfy equal-time canonical commuta- 
tion relation [Q;m, Pom] = i. We can then express the 


zero mode Q,m(t) as 


> AS Peat 
Qs t) = PER + L (21) 


Zero modes appear naturally in many situations, such 
as spacetimes with toroidal spatial topology, or when we 
impose Neumann boundary conditions on the field (or a 
mixture of Neumann and periodic boundary conditions) 
along all the transverse directions [27]. They also appear 
for massless scalar fields minimally coupled to curvature 
in de Sitter background geometry [29]. 

A useful but nontrivial way of thinking about peri- 
odic boundary conditions imposed on the scalar field ¢ 
is by considering a massless scalar field ¢ living on the 
universal cover of the Einstein cylinder (i.e. Minkowski 
space) where ¢ is subject to certain “automorphic con- 
ditions”: the field ¢ is then called an automorphic field 
[23}]25]. These automorphic conditions are governed by 
the multiply-connected property of the Einstein cylinder, 
namely the fundamental group of the cylinder 7(M) = 
Z. Thus the periodicity of @ comes naturally from the 
fact that M is a quotient space of Minkowski space asso- 
ciated to 7(M). This viewpoint will be very useful when 
we work with the time machine, as the scalar field prop- 
erties depend explicitly on how this automorphic field 
construction works (see Appendix |B] for an illustration 
and further details). 


B. (1+1) time-machine model 


In Section [I] we saw that a generic (1 + 1) time ma- 
chine M characterized by a warp parameter A and proper 
wormhole length Q is conformally equivalent to a canon- 
ical time-machine model characterized by the same warp 
parameter A and proper length L. The canonical model 
differs from the generic case only in smooth local cur- 
vature contributions, since the canonical geometry has 
constant curvature. 

In what follows we will focus on the canonical time- 
machine model whose universal covering space M is the 
Poincaré patch of AdS% spacetime with line element given 
by (13), where WL = log A, t € R, and y € R. The 
canonical time-machine model M is the quotient space 
obtained by identification (t,y) ~ (At,y + L) of the 
Poincaré patch, where A > 1 and L > 0 as we saw in 
Sec. The fact that the universal covering space M 
corresponds to the well-studied Poincaré patch of anti-de 
Sitter geometry will be very helpful in understanding var- 
ious properties of the quantization in the quotient space 
M. 

In order to study quantum fields on M, we will em- 
ploy universal covering techniques [10] 23H25]. These 
techniques allow us to generalize the quantization on the 
Einstein cylinder, where it reduces to imposing periodic 
boundary conditions on the field, to more general topo- 
logical identifications. More concretely, the technique in- 


volves constructing the automorphic field ¢ on the time- 
machine geometry from the corresponding field ¢ living 
on the Poincaré patch of AdSp. 

Starting from the metric (3) we consider the coor- 
dinate transformation from (¢,y) to the more standard 
Poincaré-patch coordinates (n, €) € R x R, given by 


nat, €=eN9/W. (22) 


This transformation brings the metric into the form 


(—dn? + dé?) , (23) 


where the AdSə length scale is given by W~*. In the 
following, it will be convenient to introduce double null 
coordinates in the Poincaré patch, defined by 


Ct =EN. (24) 


It may be illustrative to show the Penrose diagram 
of the maximal analytic extension of the Poincaré patch. 
With this aim we introduce the new variables 7, p defined 
by the following relations: 


tan(p + T) =2W¢4. (25) 


In these new coordinates the Poincaré patch covers the 
colored region p > |r — 7r/2| of the Penrose diagram 
of the maximal analytic extension defined by the range 
p € (0,7), Tr € R shown in Figure The conformal 
boundary Z consists of two disconnected pieces, namely 
T; at p = 0 and Tp at p = m. The Poincaré patch also 
has two past and future Cauchy horizons at p = |r- 7/2], 
i.e. at +} = œ and ¢C_ = œ, respectively, beyond which 
the spacetime possesses CTCs. For the time machine 
model, topological identification introduces new CTCs 
and Cauchy horizons H’~, and only the diamond-shaped 
region Ç+ > 0 is free of CTCs after the identification. 
Note that for our purposes, we apply the quantization via 
the universal covering approach to the standard Poincaré 
patch and not on the diamond-shaped patch, as the latter 
will turn out to not solve the zero mode ambiguity. 

The region devoid of any CTCs after topological iden- 
tification is given by ¢4 > 0 (cf. Figure[1) as we have al- 
ready mentioned, which is consistent with Eq. (15). Fur- 
thermore, recall that the standard Poincaré patch (€ > 0) 
itself has no CTCs in the region ¢,¢_ < 0, but the time- 
machine model introduces new CTCs in these regions 
after topological identification. 

Let us concentrate from now on the Poincaré patch. 
The massless Klein-Gordon equation is invariant under 
Weyl rescaling and reduces to the simple wave equation 
(—82 + d2)@ = 0 with appropriate boundary conditions 
at the conformal boundary € = 0 as AdSg is not globally 
hyperbolic. (See Appendix [C] for the choice of boundary 
conditions imposed on Tp). 

Since we will restrict our attention to conformally cou- 
pled massless scalar fields, we are free to choose the 


FIG. 1. Conformal diagram for the Poincaré patch of AdSz. 
The Cauchy horizons of the Poincaré patch are labelled H~. 
After topological identification, the region +Ç- < 0 presents 
CTCs, thus two new Cauchy horizons H’~ appear in the con- 
formal diagram. In the compactified coordinates (r, p), the 
Poincaré patch is covered by p > |r — 1 /2| and p € (0,7). 


boundary conditions as null geodesics are able to reach 
the conformal boundary. For the purpose of analyzing 
how the zero mode arises as we vary the warp parame- 
ter A, it is sufficient to restrict our attention to Dirichlet 
boundary conditions, i.e. d/¢o = 0. We will briefly com- 
ment on the other choices of boundary conditions at the 
end of Section 

Using the conformal invariance for a conformally cou- 
pled massless scalar field, the Klein-Gordon equation be- 
comes (in C+ coordinates) 


0,0_¢=0. (26) 


This has general solution $(¢,,¢_) = F (C+) + F_(¢_), 
where F_ and F are left- and right-moving fields. On 
the Poincaré patch, a well-posed Cauchy value problem 
requires boundary conditions specified at the timelike 
boundary € = 0 as we have discussed above. For Dirich- 
let boundary condition we have ¢|e=9 = ¢|¢_=-c, = 9, 
hence the most general solution satisfying this boundary 
condition has the form 


G, C) = F(G) = F(-C), (27) 


for some arbitrary function F. The Klein-Gordon prod- 
uct for any two solutions ¢; and ¢2 can be written as 


Ce i dé(b10,63 — ¢50n¢1). (28) 


This inner product is independent of the choice of space- 
like hypersurface 7 = constant. 

We can obtain a set of positive frequency modes 
with respect to the Killing vector 0, by choosing 
F(z) = —e~***. That is, the positive-frequency 


VArw 
eigenfunctions 
1 iw iw¢ 
iC) = (e Ee =); (29) 
4rw 


are orthonormal with respect to the Klein-Gordon inner 
product in the sense that (uw, uw) = lw — w’). 
Therefore any solution can be written as 


W) = f deolatwyrus(Ges6-) + alo) ue]: 


(30) 
Promoting a(w) and a*(w) to annihilation and creation 
operators acting on the Fock space defined in terms of 
the positive frequency modes above, together with com- 
mutation relation [a(w), a(w’)'] = id(w — w’), provides a 
canonical quantization of the field ¢. 

Once we have the quantum field theory defined in 
the covering space M, we would like to obtain the cor- 
responding quantum field theory defined on the time- 
machine spacetime M. We have seen in previous section 
the description of this spacetime, given by the periodic 
identification of a shifted time with parameter A. In 
terms of Poincaré coordinates, the time-machine geom- 
etry is obtained from the metric given by Eq. with 
the identification (7,€) ~ A(n,€). We consider a fun- 
damental domain given by W£ € (1, A) and 7 € R and 
construct ¢(¢,,¢_) defined in this fundamental domain 
from $(¢;,¢_) living on the universal cover. 

In the double null coordinates, the topological identi- 
fication is given by (¢,,¢_) ~ A(¢4,¢_), thus the val- 
ues of the (untwisted) scalar field that we are consider- 
ing will have to coincide in both identified points, i.e. 
(A+, AC_) = 6(¢4,¢_). Mathematically, the field ¢ 
has to be automorphic under the action of the funda- 
mental group (see Appendix |B| for general definition). 
This automorphic requirement, which generalizes peri- 
odic functions in Fourier theory, means that the “annihi- 
lation variable” @(w) must satisfy 


alw) = VA a(Aw). (31) 
This requirement can be satisfied by @(w) if it takes the 


following form 


Co 


alw) =w X caw. gS 


n=— Co 


1 
log A’ 


(32) 


where Cn are arbitrary constants. In order to see 
this, we first express Eq. in terms of the function 
f(w) = e”/? ae”), where w = log(w/W). In this lan- 
guage, condition is simply that f(w) must be peri- 
odic with period 87+. Therefore, f(w) can be expanded 
as a Fourier series 


f(w) — 5 Gne ringu. (33) 


n=— oo 


showing that the condition is satisfied. 


This gives us the decomposition of the automorphic 
solutions ¢(¢4,¢_) as the infinite sum 


CoO 


(aC) = YO Enan G) elC G), (84) 


n=— Co 


where €, are arbitrary constants and 


~d : f 
Tin (C+, ¢_) = bn f —(w/W) 2488 (eee _ e- ) , 


(35) 
where b, are suitable normalization constants that will 
be determined below. The induced Klein-Gordon inner 
product in M evaluated on the 7 = 0 hypersurface is 
simply the restriction of the Klein-Gordon product in M 
to a fundamental domain: 


WHA 
Gob) =i f AE (Pa Bd) (36) 
where ¢,,¢5 are any solutions on M. Using this inner 
product to normalize ūn (hence fixing bn) and inte- 
grating over w, we obtain explicit forms for the normal- 
ized modes U,,: 


wlene)=- (E) (in el ater +0), 
(37) 


Tngo(C+,¢—) = [8mnsinh(2n?8n)]~? 
2 ‘ 2 i 
x fe" Bns+ [we 278r — e" Bns— [Wé aw : 
(38) 


where sz = sign(¢). Therefore, the positive frequency 
modes Un, and (38) form an orthonormal basis of 
the positive frequency one-particle Hilbert space, i.e. 
(Un, Un’) = Onn! . 


We close this section by making a few remarks regard- 
ing the range of Ç+ that we will consider in the sub- 
sequent calculations. Due to the identification (n, £) ~ 
A(n,&), we will only perform calculations in the region 
where there is no CTC after topological identification, as 
done in [10]. This corresponds to the proper subset of 
the Poincaré patch given by the diamond-shaped region 
C+ > 0. Note that the field ¢ itself is quantized in the 
full Poincaré patch before topological identification even 


though the calculations of observables (such as the two- 
point functions or stress-energy tensor) are restricted to 
the diamond-shaped region without CTCs. This is the 
key to extract the zero mode regularization we propose 
in this work. 

Another way to see this is to consider what happens if 
instead we try to quantize ¢ only in the diamond-shaped 
proper subset of the universal covering space. For this 
diamond-shaped region, there is an adapted coordinate 
system given by 


1 
E= —exseco, (39) 


1 Xt 
= —e*tano 
1 we , W 


in terms of which the metric becoems 


1 
ds? = yee + cos” od”), (40) 


with |o| < 1/2and x € R. In these coordinates, the topo- 
logical identification now reads (ø, x) ~ (a,x + log A). 
Notice that this is precisely the same identification as 
the Einstein cylinder, thus the vacuum state associated 
with the conformal Killing time o would seem to possess 
the same zero mode ambiguity as the Einstein cylinder. 
Consequently, our task cannot be achieved by canonical 
quantization in the diamond-shaped region. 

On the other hand, in these x, ø coordinates, valid only 
inside the diamond, one can easily see that 


oe (41) 

¢~ 1l-sing 
so the mode %, given in (87), of the quantization in 
the full Poincaré patch, when restricted to the diamond- 
shaped region depends only on the timelike coordinate ø. 
We note that in this sense, even though uo is not a zero 
mode in our quantization, when restricted to the dia- 
mond + > 0 it looks like the zero mode of the quantiza- 
tion restricted to the diamond. 

In summary, according to the automorphic prescrip- 
tion we obtain ¢(¢,,¢_) for the time-machine geometry 
M by restricting ¢(¢,,¢_) to take values on the fun- 
damental domain M, i. 7 € R and £ € (1,A). The 
corresponding canonical quantization is carried out by 
promoting the constants ¢, and ¢, to annihilation and 
creation operators acting on the Fock space defined in 
terms of the positive frequency modes Un, with canonical 
commutation relations En 21] = idnn’- 


IV. VACUUM TWO-POINT FUNCTIONS 


In this section, we will analyze several vacuum two- 
point functions and understand the limiting behaviour 
from the time machine to the Einstein cylinder in terms 
of these functions. These two-point functions are very 
useful for many purposes, such as detector responses 
upon interacting with the field within the Unruh-DeWitt 


model [26], relativistic causality [27] and communication 
|40} [41], or computing the renormalized stress-energy ten- 
sor of the field [42]. 


In our model, the universal-covering approach de- 
scribed earlier will enable us to compute the vacuum 
two-point functions in terms of the orthonormal basis Un 
in M. In particular, by computing the commutator and 
anti-commutator vacuum expectation values, we will ob- 
tain the vacuum Wightman two-point functions for the 
time-machine geometry. 


The relevant vacuum correlators, namely the Wight- 
man function W(x,x’), the Hadamard function (anti- 
commutator vacuum expectation value) Ct(x,x’), and 
the Pauli-Jordan function (commutator vacuum expec- 
tation value) C7 (x,x’), are given by 


W(x, x’) = (0[4(x)O(x')|0) , (42a) 
CT (x, x!) = (O]{ G(x), (%') 10) , (42b) 
C~ (x, x’) = (O|[A(x), ¢(x’)]10) , (42c) 


where x is the shorthand for the spacetime points in any 
coordinates. They are related by 


C(x, x) = W(x,x) £ W (x',x). (43) 


In the following, we will first review the two-point func- 
tions for the Einstein cylinder, focusing on the presence 
of a zero mode contribution. Then we will proceed to 
calculate those for the canonical time machine and deter- 
mine the behavior in the limiting case where the Einstein 
cylinder is recovered. 


A. Einstein cylinder 


We have already analyzed the mode decomposition of 
the field in oscillatory modes and the zero mode. In 
terms of it, let us denote the oscillator and the zero mode 
vacuum two-point functions of the Einstein cylinder by 
Cosc (x, x’), Wose (x, x’) and Cim (x, x’), Wrm(x, x’) respec- 
tively. The vacuum on the Einstein cylinder can be writ- 
ten as the product state |0) = |0,m)®@|Oosc). By construc- 
tion we consider x = (t, y) where t € R and y € (0, L]. 


Using the mode decomposition for ose in Eq. (19), 
the normalized positive-frequency modes on the Einstein 
cylinder read 


Un (x) = ae ae , (44) 


with kn = 2mn/L. It follows that the Wightman function 


is given by 
Waosc(x, x) = F mn 9T) 
n#0 
QmiAz_ QmiAz4 
= =p] 108 (1 -« z ) +10 (1 -¢ T Jk 
where z_ = y—t, z} = y+ t are the null coordinates and 


Az_ = z- — z, Az, = z4 —2/,. We have dropped the 
ie term for simplicity since it can be interpreted as pre- 
scribing the branch cuts for different distributions. Con- 
sequently, the Hadamard and Pauli-Jordan functions can 
be readily obtained from this expression using Eq. 


read [28] 


1 2riAz_ QriAzy 
= F— tog (1 = ome) + log (1 = om) 
4T 
1 2riAz_ QriAzy, 
= hoe (1 ~¢ T ) +o (1-e T ) ; 
4T 


(46) 


where as before, we have removed the ie for simplicity. 


For the zero mode, there is no a priori good ground 
state because the energy eigenstate of the Hamiltonian 
with zero eigenvalue is not normalizable: we know that 
the momentum eigenstate |p) has Dirac delta normal- 
ization (p|p') = ô(p — p'). A natural (but nonetheless 
ad hoc) alternative would be to assume that a physical 
ground state for the zero mode can be taken to be the 
ground state of a quantum harmonic oscillator described 
by the following first and second moments [26] 


(Qs) = (Ps) m ({Qs, Ps}) =0, (47) 
a. | 2,_ 7 
=x. =F, (48) 


where y = ymw is a dimensionless frequency parame- 
ter associated to the mass and natural frequency of the 
oscillator. This choice is natural because it includes the 
free-particle momentum eigenstate as a (singular) limit 
y — 0 and the usual property of a ground state of being 
a Gaussian state. Thus, one can think of the momentum 
eigenstate as the limiting case of highly squeezed vac- 
uum state of a harmonic oscillator along the momentum 
direction in phase space. 


The Wightman function for the zero mode is computed 
using the Heisenberg operator defined in Eq. (21), to- 
gether with the first and second moments (47)-(48). We 


can then show that [27] 28] 


Crt) oe T2’ (49) 
Ea 
Cmt t) =, (50) 
1 tt’ iAt 
I) | 
Wam(tst!) = 3° + a3 — ap (51) 


where At = t — t’. The zero-mode Wightman function is 
translation invariant along the spatial direction but not 
time-translation invariant, as the second term contains 
the product tt'/L?. Furthermore, we see that the limit 
y — 0 of Wim(t,t’) is divergent, which is equivalent to 
the statement that the momentum eigenstate of Ê, is not 
a valid physical state of the zero mode. 


B. Time machine-model 


We will now explicitly carry the calculation of the var- 
ious vacuum two-point functions for the canonical time- 
machine model. First note that the Wightman two-point 
function can be expressed in terms of sums of the mode 


functions Un given in Eqs. and (38): 


We x)= X mm). (52) 


n=—Co 


By using the relation among the two-point functions, we 
write the Wightman function in terms of the Hadamard 
function (anti-commutator) C+ and the Pauli-Jordan 
function (commutator) C7 


= $ lint) — Yn]. (55) 


We derive now the expressions of the Hadamard and 
Pauli-Jordan functions that will determine the Wight- 
man function. Let us first consider the Hadamard 
function. Using the mode sum formulation for it, the 
Hadamard function reads 


CT (xx) = OF x) + CT (yx) + CF Gx), (56) 


where term Cj is given by the mode functions Uo of 
Eq. and C] and Cy from the contributions of the 
two different terms of the mode functions Un in Eq. (38). 
By computing the different terms, the exponential func- 
tions will give rise to different trigonometric contribu- 
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tions in 8. After some tedious but straightforward alge- 
braic manipulations, we get 


Ct (x,x) z 2 [log c log c 
2 
+ T (s4 + s-)(s +s] ma 
PS 3-2 1 a 
Ci (x x)= on a nsinh(27r? 8n) 
5 cosh (n° Bnls4 $ s',)) cos (2n5n log oh ) 
+ 
+ cosh (r? Bn(s- + s)) wee (2n5n log = ) | 
(58) 
ES, 322 1 3 : 
CF (x,x )= on 2 nsinh(2r? 6n) 


A 


x cosh (n?Bn(s'_ — s+)) cos (278n10g Z 


‘) 
DI 


+ cosh (r? Bn(s- — s!.)) cos (2n5n log A 


As before we have dropped the ie term for simplicity since 
it can be interpreted as prescribing the branch cuts for 
different distributions. 

For the quantization in the whole patch, we are now in- 
terested in calculating the two point functions just inside 
the diamond, where ¢+ > 0 (i.e. s+ = 1) and there are 
no CTCs. This restriction allow us to directly compare 
it to the Einstein cylinder and use it to select a state for 
the zero mode. In this particular region, we can express 
C*(x,x’) in terms of Jacobi theta functions instead of 
series [43]. The Hadamard function would then read [I0] 


Ch) = o (ioe 3 log +) 
1 og Gera here ae l 


On” \ 64( Br log(C!, /C_))0a(Brlog(C”/C,)) 
(60) 


In this form, the shorthand 6;(z) = 0,(z, e278) is used?| 

We are now ready to analyze the behavior of the two- 
point functions as A — 1. It is convenient to write A = 
1+6 where 0 < 6 <1, which corresponds to weak warp 
limit. Also note that in this limit, A+ > Az. 


2 Note that our expression here has an extra factor of 7 in the ar- 
gument of the Jacobi theta function 0;(z), which is the standard 
notation in many handbooks (e.g. [44]) and symbolic com- 
putation software such as Mathematica (written as EllipticTheta 
). The convention for 0;(z) in without n is in fact 0; (z) 
from McKean and Moll’s notation, where 0; (z) = 0;(mz) [46], 
see Section 20.1 of [47]. 


For the Hadamard function (anti-commutator vacuum 
expectation value), the limit is more transparent in the 
series form, so we will use Eqs. (59). For Ci and Cy 
the series expansions are somewhat tedious, but we can 
see what happens when we take the limit term-wise, 
since distributionally the series are convergent. Tak- 
ing the limit term-wise, we see that lims_59 Cf (x, x’) = 
0. This follows from the fact that ô — 0 implies 
that each term in en is exponentially suppressed by 
(sinh 27?6n)-1 ~ 2e-"/9. 

For Cy, the term-wise limit 6 > 0 gives 


3 
B 3 l n aanAz_\ | a QanAzy 
= 24 Ian | O° L Bas aad 


where z+ are the flat space null coordinates. Note that 
the last equality is precisely the oscillator part of the 
Hadamard function in the Einstein cylinder calculated 
in Eq. (46). 

Finally, since log(1 + ô) ~ 
small W ~ 6/L, we have 


6 for 6 < 1, note that for 


Cy ~ 14+ Wz, 26 2 
r ee P00). (62) 


Therefore we have the asymptotic expansion 


Ci (x, x’) = 5 (že) (2s) +7] 
T 26, 
Coa att: (63) 


It is clear that GF diverges in the limit 6 > 0. If we set 
y= 26/7, (64) 
we obtain for small 6 


1 
C(x, x) & + I t, (65) 


which is precisely the Hadamard function of the zero 
mode in the Einstein cylinder with frequency parameter 
y in Eq. (49). Therefore, the divergence of Cf as 5 > 0 
is equivalent to the statement that momentum eigenstate 
of free particle is completely delocalized i in space and has 
infinite variance (AQ = (Q?) — (Q)? > ov). 

Let us note that Cy can be also written in terms of 
(o, x) coordinates. Using Eq. £9. for Ç+ > 0 we directly 
see that, because of Eq. (41), Co. will be just a function 
of timelike ø. In the weak warp limit ô > 0, it can be 
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directly seen that o ~ (6/L)t for small ô, and Cf in the 
adapted coordinates takes the simple expression 


Co Gx) = (400' + 7°), (66) 


1 
275 
showing that, when restricted to the diamond patch 
the contribution of ug to the expectation of the anti- 
commutator is exactly the same as the contribution of 
the Einstein-cylinder zero mode. 


Let us now compute the Pauli-Jordan function. Using 


the mode sum formulation for C5,.(x,x’), we get 
Cx) 
ip C C 
= (ss + s_)log a — (s, + s_) log a 


CO 


i 1 
27 3 nsinh(27? Bn) 


x sin a Bn(s4 + s, )) sin (2n5n log 


')) sin (2n5n toe C ) 
Gara) 
) 


7 
3+ | 


sin 


+ sinh( r?° Bn(s 


ecu 
m |. 


(67) 


sin (2nsn tog = 


For our purposes again we restrict the analysis to the 
region without CTCs, by setting s+ = s- = 1 (¢4 > 0), 
because of our aim of selecting the zero-mode state by 
obtaining the limit to the Einstein cylinder. The sum 
can be done analytically, which reads 


C(x,x’/) = fe 5 (iog > log +) 


HEETE” 
OTEO 


(68) 


Following the same procedure as before, note that the 
first line is the zeroth mode contribution which, when re- 
stricted to the diamond and using adapted coordinates, 
is only a function of ø. Using the previous small-W iden- 
tification o ~ (6/L)t, we get 


9 ~ 5 (—Ao) + 0(8) = 
where Ao = o — o’ and At = t — t’. Thus in adapted 


coordinates and in the small 6 limit the connection be- 
tween Co in the time machine geometry and the zero 


-4At + 0(6?), (69) 


mode commutator in the Einstein cylinder is manifest: 
we see explicitly what we already discussed before, i.e., 
(when restricted to the diamond patch) for all intents and 
purposes up ‘becomes’ the Einstein cylinder zero mode in 
the 6 > 0 limit. 


For small 6, we have W ~ 6/L and if we use the identity 
e = lims_,9+(1 + 6)!/°, we can show that the limit as 
ô — 0 (corresponding to the absence of a time machine) 
is given by the full commutator in the Einstein cylinder 
with periodicity length L 


= Cin(t,t’) + Cosc(x,x’) 5 (70) 
where Cy (t,t/) = —iAt/L and C>,.(x,x’) are the re- 
maining terms of the commutator in the Einstein cylin- 
der. The last equality agrees with the commutators com- 


puted in [27]. 


Having analyzed in detail both Hadamard and com- 
mutator functions, we have determined the behavior of 
Wightman function. There are few subtleties related to 
the presence of the zero mode in the limiting case. The 
fact that in the limit 6 — 0 we recover the zero-mode 
commutator implies that the zero-mode contribution to 
the Wightman function is essential for the consistency of 
the underlying QFT. We cannot simply drop or neglect 
terms of order O(5~') that appear in the Hadamard func- 
tion Ct by hand, as they are related to the Hadamard 
function of the zero mode C} in the limit 6 > 0. Since 
one also has to remove the C7, to neglect the zero mode, 
this would imply causality violation of the underlying 
QFT [27]. A more conservative attitude would be to re- 
strict attention to only field observables that do not see 
the zero mode, e.g. shift-invariant operators [29] or field 
derivatives [48], instead of removing the zero mode from 
the equations. 


Finally, let us comment on other choices of boundary 
conditions. In [27] it was shown that zero mode also 
appears when one imposes Neumann boundary condition 
on two-dimensional massless wave equation. We also saw 
earlier that the zero-mode contributions to the two-point 
functions Cz, for the Einstein cylinder strictly comes 
from the “zeroth mode” of the time-machine case Ug as 
A — 1. It can be checked that taking A > 1 limit also 
leads to divergences in the Hadamard function C¢ (x, x’) 
when other boundary conditions such as Neumann (A = 
—n/2) or mixed (A = —7/4) are chosen. 
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V. RENORMALIZED STRESS-ENERGY 
TENSOR FOR TIME-MACHINE MODEL 


In view of the connection of the limit of the time- 
machine model with the zero mode of the Einstein cylin- 
der, we might wonder how the zero-mode contribution 
to the renormalized stress-energy tensor (RSET) in Ein- 
stein cylinder arises from the time machine-model RSET. 
Since we have the Hadamard function for the time- 
machine model, the RSET can be computed using various 
methods such as point splitting [42], in addition to using 
the simplifications that arise from working with the uni- 
versal covering space [10]. In order to make this compari- 
son, we recall that in the Einstein cylinder, the Fock vac- 
uum expectation of the renormalized stress-energy tensor 
has two contributions coming from the zero mode and the 
oscillator modes. 


Let us use the null coordinates z+ on the Einstein 


cylinder. The oscillator mode contribution (°°°T;,,) 
reads [42] 
osep(Z)\ _ soser(Z) hee a 
eer) =(rr®) =, (mm) 
(merely = (TP) =0, (72) 


where the superscript (z) refers to the use of the coor- 
dinates z+. The zero mode contribution is computed in 
[26] giving the result 


(0zm|Ê2 sen) 


am7(z)\ _ sam(z)\ _ 
cm) = comp) = OmlFs Pum) aj 
(7m ta) = gm) =0. (74) 


Note that while the nonvanishing oscillator components 
are negative i.e. (°°°T),,) < 0, the zero-mode contribution 
is manifestly positive for any choice of “candidate” zero- 
mode vacuum state |0zm}). 


For the canonical time machine, the RSET in the re- 
gion of interest in null ¢+ > 0 coordinates [I0] is given 
by 


F 1 
M=- =a, 
1 B Br X netr pn 
PHS tee et E 2m6? S g en: 
(76) 


These results, are consistent with the appearance of the 
conformal trace anomaly in this spacetime, and, when 
applied to the Cauchy horizon, have been used to argue 
for its possible quantum instability [IO] B1] [49]. 


Our aim is to track the zero-mode contribution to the 
RSET, so we will trail the small-ô expansion more care- 
fully. The weak warp limit corresponds to WL = ô <1, 


hence 


¢ =e /W-tew i+, (77) 
G =eV/W+tew ttn. (78) 


Consequently, we have that the non-diagonal element of 
the RSET yields 


OO Oe Ee 
(T) a Oz, Oz4 eae: 
1 5? 


X nG HC)? 2A D2’ 9) 


which in the limit 6 — 0 gives a vanishing contribution 
(7) =0. 


Now we focus on calculating the small-6 limit of the 
diagonal element of the RSET. They are given by 


(ry = = A plo) 


Oz_ Oz 
= 6? 1 1 ot 
~ I2 \ 484 4rô 1282 
ô T 5 
mE PET Oe) (am 
Gad eran 
ô T A 
Sn rne + 0(8?). (81) 


Next, using 8 ~ 6~1(1+ 6/2), we obtain 


1 T 
—— + 


m m o(8°). (82) 


F(b) & 
An important step here is that we cannot keep only the 
O(87?) term (as done in [10]), as we will see that the 
relationship with the zero mode of the Einstein cylinder 
is of order O(6) in the RSET. This corresponds to keeping 
the O(6—+) term in the asymptotic expansion for F'((). 
We also keep the O(6°) term in F(8) for clarity in what 
follows. 


Observe that (7) and (TE) contain two contribu- 
tions, one giving the expected Casimir contribution from 
the oscillator modes of the Einstein cylinder in Eq. (71), 
and another term that is linear in 6. Recall from pre- 
vious section that for small 6 we identified ô with the 
frequency parameter y = 26/a. With this identification, 
we can now write 


Ch o l YF joseple) 
(TD) = Tet + (T2). (83) 
However, if the zero mode vacuum |0,m) is to be identified 
with the ground state of quantum harmonic oscillator 
with frequency parameter y, we recall that the second 
moment of P, is given by (P?) = 7/2. Using this, it is 
now clear that for very small 6 the RSET can be written 
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as 
(TA) a a ac eae ae (84) 


The fact that "T7%)) is O(5) shows that indeed as 
ð — 0, the zero mode of the time machine picks 
out the eigenstate of P of quantum mechanical free 
particle with zero momentum eigenvalue (ie. y = 
0). This is consistent with the performed computation 
(mT) ox (Onm|P2|0zm) which vanishes when |0zm) is 
taken to be the eigenstate of P with zero eigenvalue. 
Notice that if we were to only keep O(6~?) term for the 
asymptotic expansion of F'(3), we would only recover the 
contribution from the oscillator modes in the Einstein 
cylinder and we would not see how the zero-mode con- 
tribution appears in the RSET (which happens to vanish 
for y = 0). 

The calculations in this section show, on one hand, 
that the zero mode of a massless scalar field in the Ein- 
stein cylinder is connected with the mode Up in the auto- 
morphic solution [Eq. (37)) of the field obtained via the 
universal covering construction. This connection is not 
manifest when we only keep the term that grows as 6~? in 
F(8) and take the 6 — 0 limit. On the other hand, since 
all the modes of the time-machine model have a Fock rep- 
resentation, we can think of the time-machine model at 
small 6 as being a small deformation from the geometry 
of the Einstein cylinder that does not have a zero mode. 
These results provide then a natural way to remove the 
zero mode ambiguity, by fixing the quantization in the 
Einstein cylinder from its deformations. 

Another possibility we might have considered is the 
creation of a time machine at t = 0, instead of having 
an eternal time machine. In this case one begins (at 
t = —oo) by having an Einstein cylinder spacetime that 
matches the time-machine metric at t = 0. Then the 
Poincaré patch is defined as in our case but restricting 
it to the domain of 7 > 0. Note that in this case the 
spacetime possesses only a bifurcate future Cauchy hori- 
zon, given by H+ and H’* in the conformal diagram in 


Figure 


VI. CONCLUSION 


Inspired by the study of time machines, we propose 
a way to solve the inherent ambiguity of the zero-mode 
quantization in QFT living in spacetimes with spatial pe- 
riodicity (such as the Einstein cylinder). The appearance 
of zero modes in QFT has traditionally been ignored in 
many QFT calculations (see e.g. [BIH35] [42]), but it has 
been recently shown to be necessary in order to conserve 
the relativistic aspects of the measurable predictions of 
the theory [27]. The main problem with the zero mode 
in a spatially periodic spacetime is that there is no good 
reason to select a state and declare it the vacuum since 
the zero mode does not admit a Fock quantization as 
it is dynamically equivalent to quantum mechanical free 


particle (see, e.g., [26}28]). 

Concretely, we have studied the quantization of a 
scalar field in a spacetime with time machines. In par- 
ticular we have considered a time-machine model, that 
corresponds to the (1 + 1)-dimensional locally static 
multiply-connected spacetime first studied in [10]. To get 
a rough idea about this spacetime, one can think of an 
Einstein cylinder (a spacetime with a spatial periodicity 
in a particular time foliation, akin to imposing periodic 
boundary conditions) in which the points that are topo- 
logically identified by the periodicity are in different time 
slices. Because of that, this spacetime can contain closed 
timelike curves in some region. The analysis in the sub- 
region without CTCs shows that in the limit that there is 
no time shift between the topologically identified points 
one recovers the quantization on the Einstein cylinder, 
including the zero-mode contribution. 

We have compared the quantization of a massless 
scalar field in this time-machine spacetime with the quan- 
tization in an Einstein cylinder (which, we recall, cor- 
responds to a spacetime with periodic boundary con- 
ditions). Classically, the Einstein cylinder is obtained 
from the limit where there is no time machine in the lo- 
cally static model spacetime. However, when we consider 
a quantum field in the time-machine model spacetime, 
there is no zero-mode ambiguity. Crucially, we find that 
quantization of a massless scalar field in a time-machine 
spacetime induces a unique quantization of a massless 
scalar field with periodic boundary conditions, with the 
zero mode of the Einstein cylinder appearing naturally in 
the weak warp limit. We obtain the zero mode by explic- 
itly tracking the appearance of a time-warp parameter 
A > 1 that performs the time identification t ~ At in the 
field modes in the time-machine model. 

From our results, we can construct the following pre- 
scription for a zero-mode quantization in spatially peri- 
odic spacetimes. 1) Introduce a deformation parameter 
in the Einstein cylinder by adding some small time shift 
in addition to the spatial periodicity of the spacetime, 
i.e. consider the one-parameter family of time-machine 
spacetime with warp parameter A > 1; 2) Perform a 
quantization of the field in the universal covering space- 
time of this one-parameter family of geometries, which 
removes zero modes and all its ambiguities; 3) Take the 
limit of the warp parameter A — 1 where the space- 
time becomes the Einstein cylinder again. The zero mode 
emerges from the limit and a state is selected. This con- 
struction supports the choice made for simplicity (i.e. as 
a squeezed state) in e.g. in [26] 27] for state for the zero 
mode to evaluate its impact on particle detector dynam- 
ics. Thus, we propose that there is a unique way of se- 
lecting the state of the zero mode in a periodic spacetime 
that is compatible with the quantization in the universal 
covering. 

Furthermore, we argue that the vacuum of the scalar 
field in the time-machine spacetime proposed in [10] 
yields a divergent Hadamard function for the emergent 
zero mode of the Einstein cylinder when we consider the 
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no-time-machine limit. This shows that while the classi- 
cal background metric for the time machine has a smooth 
limit to the Einstein cylinder, the quantum field theory 
on the time-machine model does not smoothly reduce to 
the Einstein cylinder limit due to divergence in the zero- 
mode component of the two-point Wightman functions. 
The emergent zero-mode state is akin to an (unnormaliz- 
able) eigenstate of a momentum operator. This is easily 
solvable by regularizing that state as a squeezed state, 
and we propose to do this following on previous results 
in [26} [28], or equivalently by regularizing the Einstein 
cylinder quantization using small warp parameter (very 
weak time-machine geometry). 

Finally, we have analyzed the stress-energy tensor both 
in the time-machine spacetime and in the Einstein cylin- 
der with this regularized zero-mode state, showing that 
the behavior is regular as expected. These results shed 
light on quantum field theory in the presence of time ma- 
chines, and can be used to resolve zero-mode ambiguities 
in QFT in spacetimes with periodic boundary conditions. 
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Appendix A: Four-acceleration and four-velocity of 
Killing observers 


In this appendix we show that the condition that there 
exists a hypersurface-orthogonal Killing field é”, i.e. that 
satisfies 


V (uEv) = 0, Ela V pr] =0 


is equivalent to the existence of a timelike vector field u” 
and a spacelike vector field a” such that 


(A1) 


uu, =-1, Vite = —a,uv, (A2) 


Let us first show that Eq. (A2) implies Eq. (A1). 
From V{,,a,] = 0 we conclude that there exists some p 


such that 


V [par] = 0. 


an = Vu. (A3) 


Let us check that the vector field E€” = e?u” satisfies 


Eq. (Alp. Indeed, using Eq. and Eq. (A3}, we see 


that 


Veuso) = CFV (utr) + €PV upu) 
= —e€ ayy) + ePay,,uy) = 0. (A4) 
On the other hand, 


Eja Vrn] = eur, Vve’ uu] + e’ un Vru: (A5) 
The first term trivially vanishes. The second one vanishes 
as well because Vyu, = ~a uv. 

Let us now prove that Eq. implies Eq. (A2). 
Given ¿” satisfying Eq. (A1), let us define u” = e ?&" 
with ọ = log |é|. The field u obviously satisfies u? = —1. 
If we define a, = u”V_u,, then it is straightforward to 
see that 


ap = eP EV LE, — OPE EY Vy. (A6) 


Using V (uv) = 0 it is easy to see that the first term is 


1 
—e EV Ey = —=e V |E|? = Vue, 


5 (A7) 


where in the last equality we have used ||? = —e?°?. 
Furthermore, the second term of Eq. (A6) is proportional 
to 


eE Vy Yo = —E°V (EP Ep) = —2E” EP V LE, =0, (A8) 


where we have used the fact that Vg én) = 0 (hence VLE, 
is antisymmetric). Therefore, we conclude that a, = 
Vu and consequently Vipan = 0. 

Finally, let us check that the following quantity van- 
ishes: 


V tly + apup = ed (i ee qe Viney) 
+ e PV ney F e PE, CAEP Epin. (A9) 


Using Eq. (A1) we see, on one hand, that the first term 
cancels the second one. On the other hand, the last term 
also vanishes because V,&, is antisymmetric. 


Appendix B: Multiply-connected spacetimes and 
automorphic functions 


Here we outline the basic idea of automorphic forms 
in the context of quantum field theory in multiply- 
connected spacetimes. We will use the notation consis- 
tent with the main text: we denote by M the multiply- 
connected space and M its universal covering space that 
is simply connected. In particular, in this paper we have 
M = R? and M =R x S}. 

We say that a manifold is simply connected if it is path- 
connected (i.e. any two points can be connected by a 
continuous curve) and any closed loop can be continu- 
ously deformed to a single point. Otherwise we say that 
it is multiply connected. For example, the unit circle S1 
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is not simply connected while higher-dimensional spheres 
S” (n > 2) are simply connected. 

The fundamental group 7(M) of a multiply-connected 
manifold M characterizes the different possible closed 
loops on the manifold up to continuous deformation. For 
simply connected manifolds, there is essentially only one 
closed loop—equivalent to a single point—since we can 
always “shrink” them continuously. Therefore the funda- 
mental group of a simply connected M consists of only 
a single element, the identity e, i.e. ™(M) = {e}. In 
contrast, S' is not simply connected because we cannot 
continuously shrink any loop to a point, and loops that 
go through the circle different number of times are not 
equivalent. Hence we write 7($1) S Z. Note that if M 
can be written as a product M & Y x Z where Y is sim- 
ply connected and Z is multiply connected, then 7(M) 
is isomorphic to 71(Z). 

The universal covering space M of a multiply- 
connected manifold M is obtained by “unwrapping” M. 
The universal covering space of M is essentially unique 
and is simply connected. In general, the multiply- 
connected space M is always related to its universal cov- 
ering by the (discrete) group action of the fundamental 
group. In the language of group theory, points in the quo- 
tient space M are equivalence classes of points in M given 
by the equivalence relation x ~ g-x where g € mı(M), 
often denoted by [xz] € M. In other words, every point 
[x] € M is the orbit [x] = {gx : g € 71(M)} and M is the 
set of orbits of the fundamental-group action, which we 
write as 7(M)-M (as a quotient space this is sometimes 
written as 7(M)\M.) 

A fundamental domain of the fundamental-group ac- 


tion mı(M) -M is a connected open subset U of M with 
the property that the collection X = {g -U : g € m(M)} 
is disjoint and the closure X covers M. Thus for every 
fundamental domain U, the set g- U (for fixed g and U) 
contains exactly one point from each orbit [a] for every 
x € U. The fact that [zx] is an orbit means that in prac- 
tice one can identify the multiply-connected manifold M 
itself with a fundamental domain. 

A function f : M —> R is a global automorphic form 
on M with respect to a symmetry group I (in our case 


T = 7 (M)) if for x € M, g ET, we have 


f(g: x) = a(g) f(x), (B1) 


where a(g) is a constant called automorphic factor. The 
automorphic factor has the property that a(g) = 1 if and 
only if g = e (the identity element of T) and a(g1g2) = 
a(gı)a(92). 

Let us now proceed with the analysis of real scalar 
fields ¢ on M and ¢ on M, whose dynamics is given by 
the following Lagrangian density 


1 1 1 
L[o(a)] = -3V uov" - 3mo - SERS”. (B2) 


Since the Lagrangian density is defined locally, the same 


expression applies for ¢. On M, we do not need ¢ to 


have any additional symmetry. However, if we are to 
study scalar field theory on M by going into its universal 
cover M, the relationship between ¢ and ¢ implies that 
the Lagrangian density L[¢] should obey additional sym- 
metry requirements imposed by l. The requirement that 
the Lagrangian is the same for both fields means that ¢ 
respects the action of I’. In other words, ¢ should be an 
automorphic form, 

olg: x) = alg) 9(2). (B3) 
Furthermore, since ¢ depends only on orbits [x], the ac- 
tion of T on M should be regarded as a symmetry opera- 
tion and hence the Lagrangian should be invariant under 
I, i.e. 


g: Llo(@)] = Log x)] = Llola)]. (B4) 


Since the Lagrangian L[@] is quadratic and that V,,¢(g 
x) = a(g)V (2), it means that the automorphic factor 
satisfies a(g)? = 1, and for real-valued ¢ it means that 
a(g) = 

The scalar field ¢ can now be obtained from ¢ via the 
following averaging procedure 


([x]) =T >D. “Helg: x), (B5) 


gel 


where strictly speaking the averaging should be consid- 
ered carefully since in our case T = mı(M) & Z and 
hence |T| = œ P244]. The requirement that ¢ is an 
automorphic form can be expressed as 


([z]) =T] L Salg —)a(g) d(x) = (2). (B6) 


In other words, ¢ is automorphic if and only if ¢(a) = 
d([z]). This seemingly “trivial” result says that at the 
level of physical calculations, we do not need to distin- 
guish ¢ from ¢ apart from the recognition that ¢ is a 
function of orbits [xz] € M. In other words, the fields on 
M are essentially the same as the fields on M but with 
“generalized periodic boundary conditions” on ¢. 


A useful result from this construction is that we can 
relate the Wightman two-point functions in M and M 
for scalar fields. In particular, we have [24] 


=> Wmu(x, g: x’)a(g) - (B7) 


get 


Wr7(x,x’) 


This expression is very convenient because it does not 
involve averaging even if the cardinality of I is infinite. 


Quantum field theory on the universal covering space is 
typically straightforward, since objects like global time- 
like Killing vector fields are often available for the defi- 
nition of positive- and negative-frequency solutions. If X 
is a Cauchy surface on M which is invariant under the 
action of I’, then we can define the Klein-Gordon inner 
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product as usual 


Ce f dE" [610.03 — 630,61]. (B8) 


The fact that the automorphic condition imposes ¢ = $ 
means that if we take © = UMM, then the ie corresponding 
induced Klein-Gordon inner product on M reads 


Ge -i f dS [60,85 -$20,0,), (B9) 


which is just the inner product under the restriction of 
X to the fundamental domain M and ¢ necessarily auto- 
morphic. 


Appendix C: Boundary conditions 


In order to better understand the possible boundary 
conditions that are compatible on the Poincaré patch, 
it is instructive to first consider ¢ to be a real, mas- 
sive scalar field with an arbitrarily coupling to curvature, 
whose equation of motion reads 


m2 
(af +a- Tas) m90, Cn 


where m? = mg + KR is the effective mass that depends 
on the field’s bare mass mọ and Ricci scalar R, with « 
being an arbitrary constant. The field ¢ can be written 
in terms of its Fourier transform 


pme) = J dw e-a (E), (C2) 


where the modes ®,,(&) satisfy the second-order ordinary 
differential equation 


= + (.¢ = z) =U: (C3) 


The general solution of this equation is given by linear su- 
perposition of two linearly independent solutions, namely 


Bu (E) = (w) E) +e (w)B5(E). (C4 


Here c*(w) are constants and the two fundamental solu- 
tions ®F (£) are given byf] 


z (£) a JV WE Tx (wê) , (C5) 


where J+, are Bessel functions of the first kind [43] and 


v= iy 1+4m2W7?. We will consider m2W~? > -4 


3 J}, are linearly independent so long as v ¢ Z. When v € Z, we 


take P$ = ,/WEJ,(wé) and 65 = \/WEY,(wé), where Y, (wẸ) 


is the Bessel function of the second kind. 


so that v € [0,00). This lower bound on m? is known 


as the Breitenlohner-Freedman bound [50]. This bound 
is analogous to demanding that a quartic oscillator with 
anharmonic potential gx* should have g > 0 for a stable 
ground state to exist. 


The most general boundary conditions on $(7,&) at 
€ = 0 can be summarized as a one-parameter family of 
Robin boundary conditions [51]: 


+ sin(d) emn e) 


cos E| HAO =95 (C8) 


with A € [—7/2,0], or equivalently the one-parameter 
family of boundary conditions on the Fourier transform 
modes ®,,(£): 

BC, (£) := (cos A), (E) + W~} (sin A) 6, (€) = 0. (C7) 
The Dirichlet boundary condition (A = 0) was chosen in 
[10] based on the argument that any regular solutions (so- 
lutions that do not diverge anywhere) of massive Klein- 
Gordon equation for arbitrarily low mass on this patch 
must vanish on the timelike asymptotic boundary € = 0. 


In order to see how the Dirichlet boundary was chosen, 
we need to study the behavior of the Bessel functions for 
small arguments. Substituting Eq. (C4) into Eq. (C7), 
we obtain the following behavior close to the conformal 
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